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I. INTRODUCTION

In the past, the BRL has frequently been asked to comment on the
validity of the classical crosswind deflection formula

z=Wz (t - R/V ) (1)
0

where Z is the wind deflection, W is the speed of a constant crosswindz
acting over the range R, t is the time of flight, and V is the down-

0
* range compornent of muzzle velocity. This formula has been used exten-

sively by riflemen for many years, and questions as to its accuracy
have been received from the military commands, captains of the service
rifle teams, the National Rifle Association, and most recently by the
Army Materiel Systems Analysis Activity.

The answer usually given is that the formula is more accurate than
the rifleman's ability to estimate the wind speed, This answer is
wadoubtedly technically correct in most cases, but the persistence of
thi question suggests that a more satisfying quantitative answer should
Iw obtained.

In this report the generalized effects of both crosswinds and
range winds (head or tail winds) are derived from the basic equation cf
Motion for a projectile acted on by aerodynamic drag and gravity. The
effects of space-varyi:ng winds along the trajectory are examined, and
simple approximate wind corrections for field use are derived and Com-
pared with exact and nearly-exact solutions.

It. KASlC EiQUATIONS O 0TI NYro

The prolectile is 4v;mrtcd to be a particle, acted on only by the
forces of' aerodynamic drag and gravity. We ckoose i ezarth-fixed XY:
conrdin.tte Syster*m, with \ pointing douwnrange from gun -co taroet. Y
point ing vertically upaard, and : pointing to the right, when looking
downrange, The \-: plane t. chosen tangent to the earth's !ttrface at
tithe, lamknh point, so th:it the acceleration of gravity will be pairall!l
ro the I txos. jFor tHic relatively short trajectories considvred in
thi% rcport* no corrections for a :urved earth will he requirod.)
Fijzre I ilustratczs the coorditate syste.t and notation used.

0 .
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The equation of motion for the projectile follows from Newton's
second law, and in vector form is

where V is the velocity of the projectile with respect to the earth-
fixeJ axes, I is the aerodynamic drag force (parallel to ý but oppo-
sitely directed), and & is the acceleration due to gravity.

The drag force is usually written as * -'wSC V0, whore V u.

the scalar magnitude of V. o is the air density. S is a reference area,
and C is the drag coefficient. Htowever, in the expression for drag,
the velocity used must be with respect to air, and if a vector wind
i.4 present, the velocity with respect to air is •--. We now rewrite
Equation (2) as

-SCDivide both Sides of Equation (3) •y a, and define *" 0

- •~~~~~~- - D- i-l0-)••(•

6
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In the XYZ coordinate system, = (Vx, V y, VZ). W= (Wx, Wy,, W ),

g (0, -g, 0), and the scalar JU-I we will define as
. , + ( . .)2 + V°2~((Va x . (Vy -Wy (Vz - W z) 2f (5)

Equation (4) can now be written in component form:

V x C D V (V " Wx)

Vy= C V (Vy Wy) - g (6)

C D V -C,'(V z W Z)

were a superscript dot indicates differentiation with respect to time.

Equations (6) are a precise statement of Newton's second law for
the particle trajectory, and are in suitable form for accurate solution
by numerical integration. The non-linearity introduced through the

expression for V leads to difficulty in finding analytical solutions;
a more practical approach is to find a sufficiently accurate linear

approximazion to V for the particular case we wish to solve.

As an example of the problems encountered with exact analytical
solutions, we will solve Equations (6) for the case of a constant cross-
wind.

t

Set V dt, • 0 and rewrite the first and third of C-qua-
0

nions {b) with a as the independent variable.

i V ''=-C C* V
x ( x

a -)

S '.. l, - |! •: -

%miicrc the siqwrsi.ript srino ) means
e gds

• The general solution is

I •



SC. dsI
V =V a

x x
0

s se (8)"'oC*dSl s 'oCD ds2
V z= e fo WCD * 1e dsI

s
"reCD dSl

Since W, js constant, and e -=C s Vx/Vx
0

V

x

Hence the deflection Z, due to the constant crosswind, W,, is given by

tfo V zdr W, It V-- (10)
xt 0

since R =-f Vdt

Equation (1O) does confirm the classical formula for crosswind
deflection; however, the time of flight. t, in Equation (1G), is not
time of flight to range R for the no-wind case. The t in r.qta on (10)
is time of flight to arc length s. for tht. specific crosswind case con-
sidered. In general, neither s nor t is L-nown a priori along the
actual wind traectory. and they can only be found by solving 11qua-
tions (W) accurately by numerical intagr;:ion.

If the trajectories considered are ristricted to those for which
ralge. R, is insignificant1I different frum are length. . and the tine
.4o$ fiight to range R is essentially the saw for the actual kind ,nJ
no-wind cases, then E uation (10) becomes a practical gunnwry form-ula.
We will now show that the class of trajectories for which Equtation (1o)
14 useful consists of all trajectories fulfilling the "flat-fire"
"cornition.

The scalar V can be uritten

4:V -K V - K
.. :( K,, 1 * l• * (1-)



V -W V -W
Let c = ' Z Zy V-w ' v - W

Y Vx "x V x

Substituting these definitions into Equation (11), and expanding in
binomial series,

V (V W [1 '2(c 2 + C 2) 1 i/8(c 2 + C 2)2x x y z y z
(12)+ 1/16(c 2 + 2)3 +

y z

If (Vx - W ) is to be an adequate approximation to V, the quantity

(f * E.2) must be negligible in comparison with unity; we will assume
Y

(L .)) < 10". This requirement means that (V - W ) approximates
V x x

V to less than a half of one percent error.

For high velocity projectiles employed in a direct-fire role, the
ratio of any component of wind velocity to V will usually not exceedx

10-1. Since V cannot exceed W in magnitude, the term C 2 is of order
z

10-4, and may be neglected. Hence, (V - Wx) will be a sufficiently

accurate approximation to V if k: C 10ý Since V will not exceed

10-'. this means that 10' .I0", or the initial angle of departure

aust be retricted to be within about five degrees of the hori.ontfl.
(IW practice. gun eicvation angles as large as ten or -vn fifteen
degrees can be tolerated viithout incurring serious errors in the class-
ical wind deflection formula.)

We will now introltwc the flat-fire conditions into lquatiot" (6f.
Thi vertical wind com;poxent, W. can be neglectoJ with no loss in gon-

alit' -ince. for f4at fire, the vffeit of a W is anziogous to that wf"

a W., tN in the vertical plane. Setting V V W and dropping W

SEtat ionsx (6) b c"O

V. Ca' (V U (V.

9



"Equations (13) will now be used to derive the effects of crosswinds
and range winds on flat-fire trajectories.

III. EFFECT OF CROSSWIND ON THE TRAJECTORY

We assume no range wind and a constant crosswind, Wz, acting over

the entire trajectory. The first and third equations of (13) simplify
to

V -Cv 2
x Dx

(14)
V ="Ce V (Vz W)

D x zz

We first rewrite Equations (14) with X as the now independent
variable.

V ' C' V 0
x Dx

V" .CDV C W
D 9

where for the remainder of this report, the superscript prime () will
indicate differentiation with respect to X. At t 0, K 0, V= V
4nd with no loss in generality, V. will be asstumed zero. The general

"0

solution of (15) is
.X

"re Cd* ~dr
V -V 0 f c)

i, x

. 0

i- K

!•!~f Wý" Co dl o ID r

"J '°drl Vx

0 0

""Since W. is constant, and e

I00W le ) W.

'0 0

,,.10



The deflection Z, due to the constant crosswind is

tR
z to V dt I W t - (18)

x
0

S;aation (181 appears identical to Equation (10), but in (18) the
timic, t, is --easureS to range R rather than arc length, and since

V = V Wie..,b.:, W = 0), t also represents the time along a no-wind

trajectory. The 4uartit:; (t - R/V ) is often called "lag time", since
x

0

it is physically the time difference, or lag, between actual flight time
and the time to the 5ame range in a vacuum.

To demonstrate the application of Equation (18), we will do two
cases as example problem,. The first case selected is a low velocity
40mm projectile with a maximum range of approximately 500 metres. The
second case is the 7.62mm NATO builet at ranges out to one kilometre.
For both cases, a constant crosswind speed of 5 metres/second is assuned
to act over the entire range. The following tables compare the wind
deflection predicted by Equation (18) with those obtained from numerical
integration of Equations (6).

TABLE I

Low Velocity 40am Projectile, Mu:;lo Vel. 76 Metres/Second

(R/V) (Numerical
tCun TieJro[q. (19) 1 Soln~ie-nl

Elevation Range Flight PefI., -f. I

(Degrees) (Metros) 'eck fSec) te rc} Ot rcs)

100 1. 606 1.1 "17

• !9049 t. .19.

.`60 1SIS 3.6214 ,57- 1.5"I

1.0

501



TABLE 2

High Velocity 7.62mm NATO Bullet (M80),

Ntuz:lc Val. = 840 Metres/Second

[Numerical

Time of (t/V ) [Eq. (18)] Solution!
Range Flight o Defll., Z Defll., Z

(Metres) (Sec) (Sac) (Metres) (Metres)

200 .2b22 .2382 .120 .120

400 .5835 .4764 .536 .535

600 .9887 .7146 1.371 1.370

800 1.5148 .9528 2.810 2.810

1000 2.1588 1.1910 4.839 4

Table I indicates that rather severe vioaations of the flat-fire
restriction *,o not invalidate the use of Equiation (18), and Table 2
-shows that for a very nearly flat-fire projectile the classical for-
mula gives, for practical ptwposes. an exact result. We will now
examine the effects of space-varying crosswinds on flat-fire
t rajuctcriSes.

For a non-constant crosswind, the second of Equations (I5) Can
be integrated either by parts or by a simple numericAl quadrature.
Ho-ver. the differential equation is linear, and an easier approach is
to superpose a srtes of solutions for constant crossw-inds starting at
different downrange distances.

j-.I Consider 4 constant crossind coM Acing at X * X1, and cont-

ti tn- downrange. T'his is shoun Fingurc 2.

WeE

XcX

rlWuAE 2
t U

/ i



The solution of Equations (15) with the crosswind of Figure 2 is

x
"fe CD* drI

.. o (19)

x r d
-40 CD* dr I x 0 C * dr,iVz =e Wl fxI CD e " r

:• V

Hence V =W [ - l where Vx V x at X =X.

1 x 111

For R > XI, the deflection at the target due to the wind of

Figure 2 is

R-X1

Z(R) = [t(R) - t(X 1 ) - v-- 1 (20)
1 Xx

If a constant crosswind [-W , commencing at X = X is added to

a constant crosswind Wz(, commencing at X =XI the net wind acting
(1,2)

on the trajectory is shown in Figure 3.

WINW( 2
we I

I I
SI I
SI I

I 1
Si I

t 2)

;;XzXý X=X2

FIGURE 3

The deflection at the target due to the crosswind of Figure 5 is

fN,

-W1N3



Z(R) -W ([t (R) -t RX VS z(1,2) x1
(211

[t(R) - tfX2) - .(2

x2

for R > X2 .

If wind W acts over the entire range, X= 0, X2 = R, and
Z(1 ,2)

Equation (21) reduces to Equation (18). Since any downran:ge variation
of Wz can be approximated by a series of constant winds acting over

short intervals, Equation (21) provides a general method of determining
the effect of variable crosswinds on flat-fire trajectories.

Equation (21) states that the effect of crosswind over any inter-
val of downrange distance is proportional to the amount of change in
lag time over that interval, and suggests an answer to the question:
"At what point along the trajeztory is the projectile most sensitive
to crosswint!". The answer is: the point at which the rate of change
of lag -ie wth respect to d.stance is a maximum.

R-XI R-X,

Let ,(1.2) tt(R) - t(X 1 ) - - [t(R) - t(X2) V
xI x2

Lot X•, X ; AX, whore AX is a very small distance, so that

W(XI) is the crosswind sensitivity to a unit crosswind, acting over

distance A at distance X from the gun.

4V

From E4uation (15), - CD*(X. W and V V 11 U)

v here u C C*(y!)aX, Thus::

t(X• X) t(Xl) " r - Vx- " [-. . 1 p and hence:V •

•(l 'V''- I ~i7 1 - u - \RX 1))

.12



or

_____ 1 CD(X) .I )UDX~x (RX ) -ýX1I V I1- 3u/2 + 7U2/xl

* ~For most projectiles, Ct is of order 10 ec c X) and c*x)xl

can be neglected in comparison with R or X1 The sensitivity of the

*trajectory to a unit crosswind at X =-X1, acting over the small dis-

* tance AX is well approximated by

(X 1 i (R-X 1  (22)

At the target, X1 R, and Equation (22) tells us that crosswind

at the target has no effect at all an1 the trajectory, (Equation (21)
gives the same rcsult, if Xis chosen slightly less than R, and

X, R.)

Equation (22) still does n~ot tell us airectly wht~ra the point of
maximum sensitivity is, although the factor (R - Xj suggests that it

is 'closer to the gu.n than to the target. If we assume CDis con~stant,

-C *X
i.e. , independent of X, V V 0 and we find

1C *

Although C~ does vary slowly with distance, fiqutiem11 (12) is
4. useful in establishing the general fliape of uX versus X i

C *

<1)* 1, the term e 1; hence for viry low drag proi ec til e.-

the maximum sensitivity occurs at or niear the gun. For high dfrag pro-
Jectiles, the point of maximumn sensitivity moves out fromt the gutn, hut

thcreeventually falls to zero a. the zugt &n -tve forg
The general shapes ofu( i'or high and ;ow drag projectilerr are sh'qwn

in Figure 4.



LOW1) DRAG PROJETL

FIGURE 4

To further illustrate the method of application of Equation (21),
the effect of tw~o hypothetical variable crosswinds on the trajectory of
the 7.62mm M80 bullet will be calculated. The crosswinds are shown in
Figure S.

E~ I TRES/SECOND)

10.

~ZZ~iX(M TRES)

1000

FIGUF-E 5

The first crec.;.wind, W. is ýero at the gur, but has armwn to

W( raotresIsecoi4 at the target; the seco-'d. W * is 1) Meztres/socond

*ar th~e gun, and decre~ases t: 'io wind at targi~t. Both winds avemp~
5 *s'~~ over the whole range, but the second cresswind. W.

will have ai largir affoct on tho trojectory.



Standard (no-wind) and the variable crosswind cases were solved by
numerical integration of Equations (6), and the numerical solutions are
taken to be correct. for application of Equation (21), the distance to
target (1000 metres) was divided into 100 metre intervals; the down-
range distance, velocity and time for the no-wind case are listed in
Table 3. The lag time for each distance and the sensitivity, 11, and
average crosswind speed for each interval were then computed, and the
total d~flection at the target determined as the sum of deflections
produced over each interval.

TABLE 3

7.642mm NATO Bullet (M80), with Variable Crosswinds

(R-X
I x tV

0 839.60 0 .9678
.1109 0.5 .0SSS 9.5 1.0536

I1(W 764.62 .1248 .8569
.1147 1.5 .172 1 8.5 .9750

200 693.03 .262 .7422
.1187 2.5 .2968 7.5 .8903

300 62.7 .4142 .623S
.1227 3.5 .4295 6.5 .7976

400 5586.40 .SS35 .3008
.1247 4.5 S5612 5.5 .b85S9

500) 4t95. 51 .7736 .3761
.12219 S.S 67(10 4.5 .5531

600l 436,2M .9887' 24

700 38112 1.2339 .151"7
.0908 7.5 .6610) 2.5 Z270

80 354,97 1.&i4A .0)469
.0381 3* 339 1.5 07

* 1)) 309.27 1.8267 .00$8
.0088 9.5 .0856 O.5 .004,4

101W 29.62 2.1588 0

Th'2 nuunric~d solution Oves :(0e001) 40IN0' for W. and

Z (1000,4) S. .6SI for W~ (A constant W.* of rwmtres/scicont1 would

have produced 4.639 setres deflection, frow-Table 1.) The small
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discrepanc~es in the results of Equation (21) are due to the rather
coarse computing interval of 100 metres; however, for a practical cal-
culation, the result shows that an even larger interval could have been
used wiith satisfactory accuracy for field purposes.

IV. EFFECT OF RANGE WIND ON THE TRAJECTORY

We assume no crosswind, and a constant range wind, W, acting over

the entire trajectory. The first and second equations of (13) are

rx=C 0  (Vx - W) 2

y D xy

t
If the independent variable is changed to X f0 V dt in the first

equation of (13),

W
V + C V ~C W (2-x Dx D x

We now assume that V is at least tuo orders of magnitude larger

than W~ and our differential equation for downrange velocity simpli-

fies to

V 2 .0 W. x(24)

At t 0, X 0, V A V x ad thegeneral solution is

'the first term~ on the right-hand side of (ZS) is the &4ag-induced
-velocity decay- oxeriented by the projectile in the Obsence of range

wind. The second terv shows that a talil viftd (*K) adds an nrmt

of downrange velocity wihose magnitude is :era at the gun, ind increase'.
to twice the uiqit speedi at very long rangesl JA htad wind (As would

_4mbtract in equivalent downiange. veloczitv incre-ont.1

For a given rango. R, ve now denote values of volocity, time atid

J. height for a trtjcctary with range wind as (V]. IV 1. (ti. (Y]; the



samnc symbol without the bracket will mean the equivalent value along a
no-wind trajectory.

-[XCD dr1

If Wx is identically zero, V V e and we immediately
have an expression for [Vx].

X

V
[V ]V~ +2W~ (1- (26)

x X
0

To find the effect of a range wind on time of flight to range X,
we need the average downrange velocity for the wind case.

X X 211 x
[VI(AV) J [V]dr 1 = [ V dr . 21V X - dr

0 0 X 0

X3
But f dr1 = V and we find

o ý(AV)

V

(x [ A) (27)
(AV) (AV) X

R R
Since t ] -

K(AV) (AV)

1 1 2W 2W

X) '
I•T.TI • ."•-'or

+ tIt

0

Thus a tail wind results in a lower time of flight to a t'ied
nge, as we would expet.

If the indepdndent variable is changed to X in the teond equation
of (13).

V'. * W " K - (29)
y . Y V

19

• j..a• • I
'" C i • .



Since V Xis assumed to be much larger than W., this equation
reduces to

y Dy V(0
x

The general solution for the range wind case is

iI IV I V e dro u 1 e 1r o .1 - "I f"dr,

TVfT C *dr

I~lI - •'•,o D* 1, •-,,
But V. = o D 1 and we get the result

VlI x, dr,,
[ V I ( VL)( V (,)

.2W 2W~ W
Now VlIiII V [ -o 1 *e s- -ui. and since terms of order -1 can beV VA Xx

0
V Xd

negloete, V IV I V en I and we f ind
X0

[V I V (331
y Y

1-titation (ill) tells us. that for %mail ratio of range wind speed to
downranige projectile speed, a range wind does not affect the vertical
zomponent of velocity at a qgivon range. tHence, at a fixed range R to
targ•et the impact height on the target for the range wind case is
simply the impact height for the no-wind case at time it).

iIt)

F~or smal (Iq-tiuation (3-4) gives

*V ((tJ ) (

Substituting for It) from Equation (28) and simplifying gives the
alternate form.

10



2W ~t ct V-
xx

[Yjc) Y f)V IR(36)
Y (R) R 2W (t

Equation (35) or (36) tells us that a constant tailwind acting over
the entire range will decrease the trajectory height for distances
shorter than the point of maximum ordinate, and increase the height for
ranges beyond the point of maximum ordinate; i.e., a tailwind produces
a "flatter" trajectory. A constant headwind would obviously have the
reverse effect.

A method for determining the effect of a variable range wind is
immediately suggested by noting the similarity of Equation (24) and the
second equation of (15). Consider a constant range wind commencing at
X =X P. and continuing down range. Integrating Equation (24) with con-

stant range wind W, starting at X X 1. we find

focD)* dr 1  -fC,* 1r X f 0 C D li>,
IVX X+2W X e fX CD 0 d 1 (37)

0 1r

Since V V -fced

V

xl

*If' a constant range wind [.W commencing at X X,~ is added

to a const&nt tango wind commncin at X the not range

wIind acting on the trajectory is similar to the crosswind of Figure 3.

Theo effect on (V I of Wacting from X X~ to X i

V V
(V~ ~x* (I -(I -for Rt > X, (31R)

io determine the point along the trajectory at which the downrange
velbcity is most sensitive to a range wind, we will follow an argument
similar to that used in deriving Equation (12).



V V
Let v(1,2) - [- - x so that V is the sensitiv-

x 2xex1 X2

ity of (V I to a unit range wind acting over the interval X X to
x 1

X = X1. Let X2 = X1 + UX, where AX is a very small distance.

V V
Vx Vx

x2 x I

In deriving Equation (22), we showed that V V [1 - ul, and so
x2 x

we find

VX U (v-- 40)

xl

Since the maximum value of V occurs at the gun. and the minimum

valuv is at the target, the interpretation of Fqaation (40) is somewhat
easitr thau that of Equation (22). Equation (40) says the .a1ximum
senzitivity of downrange velocity to range wind occurs :d the target,
and the minimum sensitivity occurs at the gun! There is no value of X
for which v(X is :ero; however, Equation (40) suggests that variation

at range wind along the trajectory is much less important than an equiv.
alent variation in cros%-wind.

1. atilly, I we will show that the effect on a flat-fire trajectory of
any range wind is at least an order of magnitude les.s than the effect

inof a idetical cros-swind. This fact, plus the concltisions reached
from Lktatioao (40), will allow us to disposu of the range wknd problem.

Fron Fpquatton (14) we recall Ohat the effect of a constant cross-
wind. h. actiug over the entire range is to produce a hori:ontal deflec-

twil, %Z W •(t 1--. The effect of an equal range wind an impact

0 i -'Wt (t-
• • •0

height is tY tyl Y _V~ ' ~ 1
-(t C-)

Eliuipating Wi (t - betuen these e-pressions, and taking the
0

absolute value of AY.

Sm | m• m m m l m • m 1



L2tAZJ Y[ (41)
(R)

R
Now, t is approximately ) and AZ is at least two orders of'x

0
magnitude less than R. Thus

2V

For a flat-fire trajectory, V is restricted to be an order of
Y

magnitude less than Vx, hence aY cannot exceed 20% of AZ. Thus, for

practical purposes the rifleman is justified in neglecting the effects
of range winds.

As a final check on the validity of Equation (36), an additional
trajectory for the 7.62mm M480 bullet was calculated, with a constant
5 metres/socond tailwind. For a no-wind trajectory, zeroed at 10011
metres range (Y100 0 metres 0), the value of Vy at 10t0 metres is
-10.02 metres/second, and the other required values from the no-wind
c~isc are given in Table 3 of Section III.

2•S (•lS}(9678),lye](100 metres) a 0 •10.02 -- = 0.207 metro

the numorical solution gives IY1( 1 0 0 0  atres) .22 metro and
!-trati_ tho accuracy of Equation (36). Since a constant 5 ngtrcS,

* kornd crosswind woud hava p'4ducud ia deflection of 4.859 , tres at the
!:n-e range, it is obvious .h-•as the riftemnaa shoold concentrate his
attention on the crosswind and diWreg the r •wid.

V. C0CtLUSIMO4%

The basic differential equations of 4otion for a p•rojectile acted
on by aerodynanlc drag and gravity are derived and linearieed by ueans
of the flat-fire asguaptlon. The linearieO equatio*A are then nted
to find the effects of getterali•od raage winds and cross winds on flat-
fire trajectories.

The classical crosswind deflection foraula is found to be correct.
An extension of the classical formula is derived for non-constant

I I-



cro-;winds, and a method for determi~ning the effect of any given cross-wind is demonstrated.

The effect of range wind on a flat-fire trajectory is shown to be*nignificant in comparison with the crosswind effect.



LIST OF SYMBOLS

C Dr~ag coefficient

Retardation factor (CD - SC /2M)

U Drag force, opposed to velocity

g Acceleration due to gravity

m Mass of projectile

11 i~mzny variable of integration

R Range to target

Arz length along trajectory

S Reference area of projectile

t Time of~ flight

Nmensionltzss retardation factor (u CU.

V Velocity of projectile

vV *\ V. Cot~por-nts of pro~ectile velocity along the coordinate axe

V S~od of projectile with respect to air

W fA 4W Co~oonotts of~ wind velocity along the coordinaftno axes

\.Y-, Orthogonal coordimiate (y-te ý rth.41fix)

I An~ Inct #tal ~'Snov in the qunItity~

ctos6'w1nd sensitivity factor

Panige 'Vlnt sensitiv~ity factor

~k~i~of iir



LIST OF SYMBOLS (continued)

Derivative of( with respect to time

( VDerivative of ()with respect to distance

[( )I Indicates the value o~f ()for a trajectory with a range wind
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